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Abstract: The one-loop effective action for a p brane embedded in a D = p+2 Minkowski 

■ spacetime in the static gauge is calculated. Rescaling the quantum fluctuation by yj—go 

^ . evaluated on the background brane leads to the one-loop effective action expressed only in 

, terms of infrared and ultraviolet divergent geometric scalars. After the infrared divergences 

\ are absorbed into the quantum fluctuation, there remains the finite number of ultraviolet 

\ divergences. This implies that the D = p-\-2 Poincare symmetry and the D = p-\-l general 

T-H ' coordinate invariance are preserved in one-loop order. 
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1. Introduction 

Although quantization of a bosonic string allows only a special dimension, D = 26 Q, 
brane world scenarios in other dimensions are still being actively studied in the context of 
long wavelength brane oscillation effective actions ||2|, ^. On the other hand, there could 
be many possible classically equivalent descriptions of branes which may have different 
quantum aspects Q. For example, the Polyakov action Q is often a useful choice because 
of its rich insight to the physics and convenience due to its covariant nature. Despite the 
presence of the square root the Nambu-Goto action |p is still widely used for fundamental 
theories as well as description of specific models, for example, numerical analysis of gauge 
interactions, especially, the strong interaction p. Especially, in this paper, to see its 
effective quantum structures of branes in various dimensions the Nambu-Goto action is 
used to describe a brane embedded in a certain target dimension. 

The Nambu-Goto action is an invariant world volume element constructed from the induced 
metric, so it has the higher dimensional Poincare symmetry as well as the reparametrization 
invariance. Because of the reparametrization invariance symmetry the gauge fixing is 
required. In general, the gauge fixing breaks both of the symmetries. However, the higher 
dimensional Poincare symmetry can be realized by the nonlinear transformation among 
parameters and the fields [§, ^. It is a question whether this nonlinear symmetry is 
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preserved in every order of loops. The purpose of this paper is to calculate the one-loop 
effective action for a p brane embedded in a D = p + 2 Minkowski spacetime in the static 
gauge 1^, focusing on the symmetries. 

Specifically, the action for a p brane embedded in a D = p + 2 Minkowski spacetime can be 
described by a single scalar field in the static gauge, where the ghost contribution is absent 
as it is in the axial gauge in non-Abelian gauge theory. In a naive expansion of the action 
around the classical field, the term corresponding to one-loop order appears as if it were a 
scalar field action in the gravitational field, denoted by the subscript, as the classical non- 
tensorial object "^^^^ gomn, where go = — det gomn- Hence, the classical symmetries of 
the effective action are not obviously preserved. One methodology to attempt to maintain 
the symmetry structure is to return to the original action and expand the action about 
classical fields without fixing the gauge. The Faddeev-Popov gauge fixing and ghost terms 
must be added to the action. It turns out that it is difficult to integrate the generating 
functional to get the determinant of the double index non-symmetric metric where the 
D = p + 2 and D = p + 1 Lorentz indices are entangled. The geodesic expansion |8| 
could be another possible way though it was not considered in this paper. 
This paper shows that the effective action in one-loop order can be expressed in terms 
of geometric scalars by rescaling the quantum fluctuation by its own classical Lagrangian 
density y/—go- The path integral measure is not changed by this local scale change in 
the dimensional regularization, contrasted to the canonical, Hamiltonian formalism Q. 
Therefore, a ghost action due to the Jacobian factor from the local scale change does not 
appear. But the origin of this scale transformation and the complete understanding of the 
consequent divergent structure still remain a question to be addressed. 

2. The Nambu-Goto action in the static gauge 

The symmetries of the brane action are made manifest in one-loop in this section. It will 
be shown that this can be done by rescaling the quantum fluctuation. The action for a p 
brane embedded in a D = p+2 Minkowski spacetime is given as the Nambu-Goto action 



where = 0, 1, 2, • • • ,p + 1 and m,n = 0,1,2, ■■■ ,p. It is well known that it has the 
D = p + 2 Poincare symmetry of the bulk as well as the reparametrization invariance, or 
equivalently, the gauge symmetry on the scalar fields X'^s, i.e., X^ X^ + ijj°'daX^ |Tl| . 
The static gauge allows one to fix the gauge by simply choosing the parameters equal 
to the fields X"*. In the path integral method, the gauge fixing condition /™ = X^ — 
yields the Jacobian in the functional integration measure, det[ '^^„|^j' ] = det[5(x — 
which becomes independent of X™ when combined with (5[/"^ — x^]i where is an 
arbitrary function to be integrated out in the path integral. Therefore, there is no ghost 
contribution in the static gauge as in the axial gauge in non-Abelian gauge theory. With 
the only remaining degree of freedom the (p + 2)th coordinate, (f) = X^^^, the Lagrangian 
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density becomes ^ 

^ = -a^\ - dm(\)d^(\) = -a^-detgmn = -(^9^, (2.2) 

where 9™ = rj^'^dn, Qmn = Vmn — dm4>dn(j) and its inverse 5™" = r/*"" + g~^d'^4>d'^(j). The 
effective action F is defined by, 

eir[0o,J] = j ^^exp^ J dP+^x[^{(P)+{(P-(Po)J] = J ^ipexp^J dP+'^x[^{ip+(Po)+ipJ], 

(2.3) 

Expanding the shifted action about a classical field (j)Q and keeping it up to the second 
order in the fluctuation ip as cj) = ip + (pQ, 

fdi'+^x^{ip + 4>o) = -afdP+^xgl + a f dP+^xg^^^'^odm^ 

+icT / dP+^xg^'^g^^dm^dnip + • • • (2-4) 
= af dP+^xgl (-1 + \g^^grdmVdnV + •••), 

_i 

where the linear term has been eliminated by the classical equation of motion d'^{gQ ^ dm<Po) - 
0. The quadratic term corresponding to one-loop order looks like the scalar field action in 
curved spacetime with the metric g^mn ■ By taking a determinant of the background part 
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g,'9r = ro~9r, (2.5) 

the metric for such a gravitational field gomn can be identified with 

-2/(p-l) „N 

90mn — 9o 90mn- (.^-Dj 

However, g^gomnis 7^ 0) does not transform like a tensor under the D = p + 2 Poincare 
symmetry |, | (For the details see Eqs. (^T7| , |t|, |2.19D in Sec. In the end, the 



effective action would not be expected to be manifestly invariant under these symmetries. 
In order to allow for a manifestly invariant action a classical field dependent background 
rescaling of the fluctuation is utilized. 

ip -> a<p, (2.7) 

where a = a{(j)Q) is a local function of 0o- This scale transformation changes the functional 
measure by an infinite constant or (5(0) x constant, in which 5(0) vanishes in the dimensional 
regularization. 

^ ^(^det[a] = ^^e^i^) ! ^ ^2.8) 
The scale change produces 'p?' term in the action. 

^ d^^^xg'^^ grd^{pi^)dn{a^) = f dP+^xg^ g^^^a'^dm^dnip 

+ f dP+^xig'^^g^dmadna - a„((7o"^C"^^™«')]'^'- 

(2.9) 
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If a chosen to be , the first term is obviously in a manifestly invariant form. Moreover, 



as explicitly shown in the Appx. [B.4| , using the equation of motion the background parts 
in the second term reduce to 

go^'grdrngldngl - dn[go''grld^iglf] = gho, (2.10) 

where Rq is the Ricci scalar based on gomn- Thus, it is obtained that D = p + 2 Poincare 
invariant world volume action for the brane is secured in one- loop order. (The detailed 
explanation is provided in the next section.) As a result of the rescaling, the effective 
action in one-loop at J = is 

r[<^o]onc-ioop = -ihln J ^^exp j (F+^ x^g^ {g^"" dm^dn^ + R^^^). (2.11) 

It can be immediately recognizable that except for a this is the same as the generating 
function of the connected Green function for a massless scalar field in background gravity, 
T^[0] \nD=p + l with i = -I p|. 

iy[0] = -ihln j ^0exp j dP+^x^^/^[g"'''dm(l)dn^ - (m^ + ^R)^'^]. (2.12) 

2.1 D = p + 2 Poincare symmetry 

This section is intended to explicitly show that the metric gomn and its inverse (7^" can be 
treated as a tensor on the D = p + 2 Poincare symmetry and consequently any geometrical 
tensor made of these metrics and derivatives is also such a tensor. (Note that the indices 
in {xm, bm,Vm) are raised by r/™", for a shorthand notation subscript is dropped and the 
following notations are used. dm<P = Vm, h ■ v = rf^^hmVn-, = VmV^ ■, etc.) 
In the static gauge the D = p + 2 Poincare symmetry is realized on the coordinates and 
field |, |, as 

where A is a total variation and z and a™ are a broken and an unbroken infinitesimal 
translational transformation parameter, respectively while hm and a„ are a broken and an 
unbroken infinitesimal Lorentz transformation parameter, respectively. Since the action 
still has the D = p + 1 unbroken Poincare symmetry, the only parts to be considered in 
Eq.( |2.13D are the = p + 2 higher dimensional broken symmetry transformations. Note 
that the constant z can be ignored since the action depends on only derivatives of ^. 

-\ r ' (2.14) 

If gmn and g™" transform under the given transformations as tensors g'^^ = ^^gpg 
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(2.16) 



and (7'™" = ^§^^^9^'^-, technically they can be treated as a tensor. 

„/ _ dxP dxi „ 
i/mn — dx'"^ dx"^ 9pq 

= {Sn + lfVn){Sm + V^Vm)gpq 

= r/mn - VmVn " b^nVn - bnVm + 2(5 • v)VmVn 

= 9mn - bmVn " bnVm + 2(6 • v)VmVn, . 

y ~ axp (9x9 i/ 

= {5;-b^Vp){5^ -b^Vg)gP1 

_ ^mn _ g—l^iriyn _ g—lj^n^m 

By using the transformations = + ^^m(6 • v) — b^ and g' = g + 2g{b ■ v) and their 
definitions 5fmn. = f?mn — ^^m^^n and g^^ = t/™" + g~^v"^v^, it can be checked that they 
indeed follow the same transformations. 

g'mn = gmn + 5[f?mn] + ^[Vm]Vn + ^m^K] 

= gmn + [Vmib ■ v) - bm]Vn + ^^mK(& • v) - 6„] 
— g-mn buiVfi bjiVm ~\~ '^'^mVnib ' f), 

= 5™" - 2g-^b ■ vv'^v'^ + g-^{2v"'v'^b ■ v - - ft^t;™) 

_ gmn _ g—l^m^n _ g—l^n^m 

Therefore, any geometric tensor based on these metric tensors transforms like a tensor 
under the given transformations. Based on these transformations, it can be seen that 
g^gmn{s 7^ 0) does not transform as a tensor since g is not a scalar. Explicitly, 

A5 = -27;™AK] = -2{v^h ■ V - bra)v'^ = 2g{b ■ v) (2.17) 

and thus 

[g'^gmn]' = g^gmn + Sg^-^Aggmn + g" ^gmn 

= g^gmn + Sg^^^2g{b ■ v)gmn + g''[-bmVn " bnVn + 2VmVn{b ■ v)] (2.18) 
= g^'lgmnil -2s{b-v)) - bmVn - bnVn + 2VmVn{b ■ v)]. 

This is not a tensor transformation, that is, 

Wgmn"^ / 'Q^Q^d^gpg = g^igmn - bmVn " b„Vm + 2(6 • v)VmVn]- (2.19) 

Hence, ^^'■^ gomn in the action is not a tensor. 
2.2 Scalar field in background gravity 

In the previous sections, it has been seen that the one-loop effective action is given as 
Ty[J = 0] in a scalar field theory in background gravity. Here, the result of calculation of 
W[J = 0] is introduced from [Birrell & Davies, (1982)] [^]. Suppose a scalar field is in a 
background curved spacetime described by the Lagrangian density 

= \^grdm(t>dn<P - (m^ + S,R)^% (2.20) 
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where ^ is a numerical factor, m is the mass of the field (p and R is the Ricci scalar. The 
generating functional Z and the generating function of the connected Green functions W 
in D = p + 1 are 

Z[J] = J ^(j)exp[^J dP+^x{^ + J(P)], W = -mnZ[0]. (2.21) 
In the dimensional regularization, W is given in Eq.(6.41), p. 159, Birrell & Davies, (1982) 



W = Iin^^;i/(i"a;y^i(47r)-"/2 ^ aj{x) /o°°(is)-'"^""/2e 



where 



lim h j (F-Xyf^UA-K)-'^/'^ aj{x){m^Yl'^-^T{j - n/2), 



ao{x) = 1, 

ai{x) = {l-OR, 

a^ix) = ^R,,,^R-bcd _ ^RabR^^ _ 1 (1 _ ^)aR + i(i - CfR\ 



(2.22) 



(2.23) 



It is necessary to recognize that aj{x) is a 2j— derivative geometric scalar with respect to 
the metric. This implies that the net remaining number of ^f™"" after contraction with gmn 
in aj{x) is j. 

2.3 One-loop eflfective action 

Now the above result Eq.( |2.22] ) can be identified with the one- loop effective brane action 
when the mass parameter is sent to zero. This limit produces an infinite series of diver- 
gences due to {rr?y^l'^~^ when n/2 — j < 0. Regardless of this limit, there is another 
source of divergence from r(j — n/2) when n/2 — j > 0. One can think that in Eg. ([23^ ) 



g-im s jg introduced just for regulating the first divergences in the DeWitt-Schwinger rep- 
resentation of a massless scalar field action. The origin of these divergences comes from 
aj(x) J d"'ke~'^^y{k'^ — m?)~^~^ in the propagator expansion, together with the extra power 
factor m? from the final effective action W[Q] = — ^rtr[ln(— Gj?)] when n/2 — j < |lO| , 
for which zero momentum mode gives a divergence in the massless limit. Similarly, the 
divergences in T{j — n/2) originate from the other limit k ^ oo when n/2 — j > 0. In 
this reason, they can be called infrared and ultraviolet divergences, respectively. (For the 
detailed power counting of the mass parameter, see Eq.(3.130), p. 74 for the propagator 
expression and also Eq.(6.34), pl57 in Birrell & Davies, (1982)) [p^. 
The infrared divergences 

(^2)n/2-i Eq.( ^) seem to be somewhat fictitious. A con- 



stant scale change of (p causes only adding number in the effective action Eg. ( 2. 11 ). It is 
equivalent to the corresponding scale change in Qmn- Therefore, if this scale is properly 
chosen to cancel (m^)"/^"-' factor, i.e., 

^ ^ (m2)-"/4+i/2^^ (2.24) 
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equivalently, 

gOmn {m'^y^gomn (2.25) 

and hence 

ttj {myaj. (2.26) 

They bring the scale (m'^)~"'^'^'^^ in the one-loop effective action Eq.(2.11). As a result, 
only ultraviolet divergences remain in the one-loop effective action. 

r[</'o]one-loop = „lim+i2^^^^'"^'^"^^""'^ / ^"^^l E ^'''^^""'^«^o(:^)r(i - n/2) (2.27) 

The terms with j > n/2 in the effective action are finite. Therefore, there remains only 
the finite number of ultraviolet divergences, which can be renormalized by adding counter 
terms. In addition, these results can be always simplified further by using the constraint 
Eq.( [B.8D from the equation of motion. (For the derivation, refer to Appx. B.3| ) 



Rq'"^'^ Roabcd — 2(i?o ~ R'o'Roab)- (2.28) 

where note that in n = 2 case this relation is just a general identity, not a constraint. 
2.4 Effective correction to Einstein's field equation 

Since the quantum corrections to the classical brane action have the D = p + 1 general 
coordinate invariance as well as the D = p-\-2 Poincare symmetry, they can be effectively 
treated as gravitational interaction with the metric gomn- If the higher order extra correc- 
tions in the effective action can be considered a new effective contribution to a gravitational 
action, the effective classical field equation can be constructed with modification by these 



terms. For example, for p + 1 = 4 case |1C], as the infinite terms including gq, ai and a2 
require renormalization of the cosmological constant A, the gravitational constant G from 
R and new couplings from ■^RabcdR"'^'^'^ — ■^R°'^Rab ~\{\~ €)^R^ respectively, the last 
higher order contribution effectively modifies the field equation. 



Romn — ■7:RogOmn + A^Omn + Q^-f^Omn + ^^Omn + C-ffomn — 0, (2.29) 



where a, b and c are the corresponding renormalized coefficients after the divergent coeffi- 
cients are absorbed into their bare couplings and the higher derivative tensors [0] are 

= 2i?0;m?i — "^gOmn^Ro — 2S'Omn-Ro + 2-Ro-Romn, 

HSln^do's^fd'xglRoabR^' 

= '^Rom.;na ~ ^^Omn — ^gOmnORo + 2RQ^Roan — ^gOmnRo' Roab, (2.30) 

— i r - 

TJ — /^ 2 C j4 rrn2 Z> Tjabcd 
-l^Omn — i/o ^gmn J " -^yo -^abcdJ^O 

= —^gamnR'o"^'^ Roabcd + '^RomabcR'o'n ~ ^D-Romn + '^Ro;nm — '^RomaRon 
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where note that the term ORo in 02 has been ignored because ORq is a total derivative 
and thus / d'^xg^ DRq = and for simphfication Hmn = — may be apphed, ob- 
tained from the well-known identity in D = 4, g~^j^ J d'^x{RabcdR°'^'"^ + -^RabR"^) = 

m. 



3. Conclusion 



The action for a p brane embedded in a D = p + 2 Minkowski spacetime has been examined 
in one-loop order. It was found that the special local scale transformation enables the D = 
p+\ general coordinate invariance and the D = p+2 Poincare symmetry to be preserved in 
classical geometric form in one- loop. These geometric scalars include ultraviolet divergences 
and an infinite series of infrared divergences. However, an infinite series of the infrared 
divergences can be removed by the global scale change. 



A. Notations 



Greek (n,^, - ■ ■) and Latin letters (m, n, • • • ) are used for D = p + 2 and D = p + 1 Lorentz 
indices, respectively. The metric convention rjmn = (l, — — — • • • ) is used. Also, the 
following notations are introduced for simplicity. 

Vm = dm4>, Vmn = dmdnfp, Omn = dmdn, = r/™"i;„, = VrnV"" , Q = det(-5'm„), 

P,a = daP, P% = P% + r°/3p'', Pa;/3 = Pa,l3 " KfiPf^' 

For instance, gmn = ??mn — VmVn and g"^"- = r/™" -|- g~^v"^v^. 



B. Curvature tensors and Scale transformation 



This section provides explicit derivations of all the necessary geometric scalars necessary 
for Eq.( 2.23 ) and Eq.( |2.10 ) with the metric gmn = "Hmn — VmVn- 



B.l Christoffel symbol 

The corresponding Christoffel symbol is 



^ be — 2^ {9mb,c ~l" 9mc,b 9bc,m) 

= Kt?"^™ + \v-v'^){-2UmVbc) (B.l) 



-g '^v"-Vbc. 



B.2 Extrinsic curvature 



Since all the geometric scalars can be expressed with the extrinsic curvature and it is also a 
tensor under the higher dimensional Poincare symmetry, it may be convenient to introduce 
it. The extrinsic curvature is defined as follows. 

Kab = n„;^e^ef , (B.2) 
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where the unit normal vector n„ = , ""^'^ to the surface ^(X) = and e = ±1 (+ 

for a timelike surface, — for a spacelike surface). For a p brane hypcrsurfacc embedded in 
a D = p + 2 Minkowski spacetime, ^{X) = 4'{x) — XP~^^ = where 4'{x) is an arbitrary 
function of x, 

n„ = ^, np+i = el = (J^, 6^+^ = v^. (B.3) 

Using the only nonzero components, Up+i-m = —^g~'^dmV^ and nm;n = ^9~^Vmn + 
^g~^dnV^Vjn, the extrinsic curvature is found. 

Kmn = 9~^Vmn, (B.4) 

where e is chosen to be 1. Note this is a symmetric tensor. When the scalar Kynnd^"" is 
made of the classical field, it vanishes by the equation of motion. 

i^0mn5°"*" = g^Vomniv"''' + Oo'^^o) = QoHd " ^0 + T^t'O " ^^o) = 0- (B.5) 

B.3 Curvature tensors 

All the curvature tensors are functions of the extrinsic curvature tensors and the metric. 

Rabcd = ^{VadVbc — VbdVac) = KadK^c " K^dKac, 
j^abcd _ j^adj^bc j^bdj^ac 

Rab — 9 R'manb — 9 {K'mbKna KjYinKab^ — -K^am-^^ KqJjK, 
j^ab ^ gamgbnji^^ ^ g-^g^^{K^pKl - KmnK) = K!^K^ - K'^^K, 

where K = g^^Kab, = g^-'^Kmb and K"-^ = g^-'^g^Kmn- All the curvature scalars are 
simply expressed in terms of the contractions of extrinsic curvature tensors. 

R = g-\Kan.K^' - KabK) = K^Kl - K\ 
R^^Rab = {K-K^ - K-^K){KamK^ - K^bK) 

R^'^'Rabcd = '2^mKlf - K^K^KlKi]. 



(B.7) 



With = 0, the identity can be easily obtained. 

R^'^'^Roabcd = 2(i?o ~ Ro'Roab)- (B-8) 

The tensors needed to calculate the four-derivative curvature scalars are 

= (ry"™ + ^v''v"')g~^Vmb = 9'^^^ + V'dbg'^ = db{g~^v°-), 

K^Kma = 9~-^Vmbi9--'V^ + ^-U^daV^) = g'^VmbV^ + ^daV^dbV^), 

K^K^K^ = g-^g^v^vl,v^ + 3^dav'^d^v\ + ^5'^?;2i;^a„u2 + . dv^)d^v^dav'^] 



9 rn2 



(B.9) 
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Then, the scalars for the four-derivative curvature scalars are constructed from them. 

(B.IO) 

B.4 Scale transformation 

Note that for simplicity subscript denoting the classical field is omitted here. With 
a = g2 and d-mCt = \g~2dm{-v'^)- In Eq.(^) 

g~h"'''dmg^dng^ - Idnig'^g'^^'dmig^f) 
= jg'^dv'^ ■ dv^ + g'^^iv ■ dv"^)"^ + ^g~^d ■ v{v ■ dv"^) + ^g" 2(52^2 _(_ g-i^m^nQ^^^2y 

(B.ll) 

Noticing the identities, 

d ■ V = —^g^'^v ■ dv^ + g'^K, 

V ■ d{d ■ v) = -\g~'^{v ■ - \g~^v ■ d{v ■ dv'^) + v ■ d{g'^K), 
= V ■ d{v ■ dv^) — ^dv'^ ■ dv"^, 

(B.12) 



where the first and the second equations are just K expression, Eq.(B.ll) reduces to 



g-'^f^'drng'^dng'^ - ^dn{g-h"'''dm{g"^f) 

= jg~2dv'^ ■ dv"^ + g~^{v ■ dv'^Y ~ " dv^)'^ + \g^^[lv ■ d{d ■ v) + 2v^^Vmn] 

+ \g~'i[v ■ d{v ■ dv^) - \dv^ ■ dv^] + y-^K{v ■ dv^) 
= 95 [^gV^'^Vmn + ^dv^ .dv^ + ^{v Ov^)^] + y-'K{v ■ Ov^) + g~^v • dig^2K) 
= g^{K^Kl) + \g-^K{v ■ dv^) + g-^g-^v ■ d{-v^)K + g'^g^v ■ dK 
= g'2{K^Kl) + vdK, 

(B.13) 

where Eq.( [B.lC| ) has been used to convert the expression to a compact form. When the 
equation of motion i^T = is applied, R = K^^K^ — K"^ = K^K'^ and v ■ dK = 0. Finally, 
Eq.( pl3| ) becomes 

5-5<?"^"5^9^a„55 - = g^R. (B.14) 
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